UDC 62,560
CONSTRUCTION OF A STABLE BRIDGE FOR A CLASS OF LINEAR GAMES

PMM Vol, 41, N2 2, 1977, pp.358-361
V. I, UKHOBOTOV
{Cheliabinsk)
(Received January 30, 1976)

A u-stable bridge (generally speaking not maximal) is constructed for a class
of games, Sufficient conditions are found, under which the game in the given
class can be completed within the time of the first instant of absorption,

1, A vector z movesin an rn-dimensional Euclidean space R™ according to the
following equation; P —Ci—utv uweP, veQ (L. 1)
where C is a constant ( » X n )-matrix, while P and Q@ are convex compacts in R",
It is assumed that an m-dimensional Euclidean space R™ (m < n), a linear mapping n
of the space R"™ onto R™ and a closed convex set X (C R™ ,are all specified, A termi-
nal set Z is defined within R™ as follows:

Z={zeR":u& X} (1.2

We consider the problem of hitting the vector z on the terminal set Z at the given ins-
tant of time ¢. The first player who has the choice of the control w < P at his dispo-
sal, tries to realize this action, while the second player using the control » & ¢ obstructs
the intention of the first player, The strategies of the players are identified with the func-
tions u (t, z) € P,v (¢, z) = Q (see [1]). It was shown in [1] that the strategy of the first
player extremal to the u-stable bridge W leading to the target Z, ensures that the vec-
tor z hits the set 2z,

We shall seek the u-stable bridge W in the following form:

W={12: 0<t<ty nelz= T (1)} (1.3)

The family of sets T (t)  BR™ (0 < T\ t;) is obtained from the property of the u-
stability of the bridge W and the condition 7 (0) = X. The bridge (1,3) will be u -
stable (see [1]) when the following condition holds: if (7, 7)) & W and a measurable
control v (¢) & Q is chosen for 0 ¢t < o (0 <71 ,then a measurable control u () &
P (0 <t < o) exists for which (v — 3, z (0)) = W. Here z (o) denotes the position of
the vector z to which the latter is displaced from its initial position z, at the instant
o ,in accordance with (1. 1), under the controls « (¢) and » (¢) As we know [2],to ful-
fil this condition it is sufficient that the following inclusion holds:
T T
T(T)C(T(740)+ \ rw’cp‘”)i(g M’CQdf) (1.4)
t—d —a
Here A * B = [} (A — b) (b & B) is the geometrical difference (see [2]) of two sets,
ACR™and B C R™.

3, Let us now construct a family of sets T (1) satisfying the inclusion (1.4) and con-
dition T (0) = X, under the assumption that the following condition holds:
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7e'CP = gy () + i (1) Sy, 1eCQ = 4y (1) + £y (1) S, (2.1

Here §; denote convex compacts in R™, k; (¢) are continuous scalar functions, k>
0 when £20, and y; (&) are continuous m -dimensional vector functions; ¢ = i, 2.
We seek the set T (1) in the form

T@ =[O —n@)a+we (2.2)
o

Substituting the set (2. 2} into (1,4) and utilizing the condition (2, 1), we obtain an in-
clusion which must be satisfied by the set W (v)

< b
WECH =0+ ( [ hwas)e(( | o) s) (2.9)
2+ Tt
In what follows, we shall require certain properties of the geometrical difference opera-

tion, Let 4 be a closed convex set in R™, B and K be convex compacts in R™, o
and o, be nonnegative numbers, Then

(A 2By* K—=A* (B-+K) (2.4)
A+B*xK>D(4xK) -+B (2.5)
({4 + 01B) £ 0,K) + 0,B) % 6,K = (4 + (0, + o) B) 2 (0, + 0) K (2.6)
(A+B)* (K-+B) =4 *K (2.7

The proof of the properties (2.4) and (2, 5) and of the inclusion (4 4+ B) % (K -+ B) >
A » K for arbitrary sets 4, B and X is given in [3],p. 204, The property (2,6) is
shown in [4, 5] in the course of the proof of the equation T, T,, = Ts.0, for the games
with a simple motion and a convex terminal set, The proof in [4, 5] utilizes the concept
of a supporting function of a convex closed set, Using this concept, we can also easily
prove the property (2. 7).

The following lemma generalizes the property (2, 6).

Lemma, Letthe numbers p; > 0, py > 0, 8§; > 0, 8, > 0 be such, that

Pdy — py6, 2> 0 (2.8)
Then the following relation holds:
(A 4 poB) 2 0,K) + piB) * 0K = (A + (o1 + P} B) 2 (8, +8) K (2.9)

Proof : Let us first consider the case when p; = 0. Then the relation (2, 9) follows
from the property (2.4) and thé relation (§; + 8;) K = &, K -+ 8,X.
Let p; > 0. Then by virtue of the condition (2. 8) we can determine the nonnegative

number g = {pyd; — pida) I 1 {2, 10)

We can also assume that in the casein question (py > 0) we have py; > 0 otherwise
the condition (2, 8) would imply that p, = §,; = 0 and the relation (2, 9) would become
obvious, Let us set 4; = 4 -} eK. Then the property (2, 7) implies the relation

(A + ppB) 2 8,K = (4; + p,B) * (8, + &) K (2.11)
Choosing the value of the number ¢ from (2, 10) we obtain
S/pr =B+ e)fpg=a >0 (2.12)

Let us now set Ky = oK. Then, taking into account (2, 12) we obtain (8, + £)K =pyK;,



352 V. L. Ukhobotov

6,K == p;K;. From this, together with (2, 11), follows that the left-hand side of the re-
lation (2, 9) which is being proved, has the form

(41 + paB) 2 poKy) + p1B) 2 p1K,
According to the property (2. 6), the above set is equal to
(4; + (py -+ po) B) 2 (py + po) Ky

Substituting in it A; = A + X, (p; + py) Ky = (8; + 6;) K + €K and using the pro-
perty (2,7), we obtain (2, 9).

8, Let us now determine the family of sets W (v) satisfying the inclusion (2,3) and
condition W (0) = X.
We determine the function f(t) for T > 0 as a solution of the following differential

equation: d L
—fd%l“ = max {k2 ) %%L} , f(0)=0 3.1)

Here b
J, (a,b) :5 ky(t)dt, a—=1,2
a
We note that if J, (0, t) = 0 forsome t > 0, then &, (t) = 0 for 0 < ¢t << v. This,
together with condition (2, 1), implies that for 0 ¢t <t and for anyu, = P, u, = P,

the following relation holds:

ne'Cu; = ne'Cu, (3.2)

Representing the matrix ¢/C by a power series and making ¢ tend to zero, we obtain
nCiu; = nClu, for all ¢. It follows that the equality (3. 2) holds for all ¢, and we can
set k, (¢) = 0 in the first equation of (2, 1) for all #> 0, In this case we assume that
the right-hand side of (3, 1) is equal to &, (2).

Equation (3. 1) yields the following properties of the function f(t):

F@O>T0,1)>20 f(r) —fT—0)>J,(t—0,T) >0 (3.3
J1 07— f®m>70,79f(t—0), 0o (3.4)

We shall prove the inequality (3, 4), Set

z(t) = f(®)/J1(0,7)
Then as (3, 1) implies, dr (r) /dv > 0 when t > 0. This means that for 0 <o 7,
z (1) > z (T — o), and taking into account the form of the function =z () we obtainthe
inequality (3, 4),

Let us set for every v > C
’ M@ = (X + 710,71 8) 2 f(1) 52 (3.5)

We note that the set M (1), being the geometrical difference of two convex sets, is itself
convex,
Assertion, Let the set M (t) be nonempty for every © = [0, ;]., Then for 7 =
[0, t;] the inclusion (2, 3) is satisfied by the following family of sets:
W () = M)+ (f(t) — T, (0,1) S, (3. 6)
Proof, From the inequality (3. 4) it follows that

(fo)—fr—a) /1 (0,t—a) > f(t—o0)Jy(t— 0,17
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This, together with the formula (3,5) and the lemma proved above, yields the relation

ME—0)+J1(t—0,1)S) 2 (f(t) — f(t— 0)Sy = M (x) 6.7
We shall show that

M@E—0)+Jy(x~0,1)8) £J;(t— 0,78 D M (r) + A

where
g =f{t)~fr—0)—Jyx—0, )20 (3.9

We note by [ the set appearing in the left-hand side of the inclusion (3, 8) which isbe-
ing proved, Then from property (2.7) and from (3.9) it follows that

I=(M@x—o0)+J;(t—0,1)85 + &S8) 2 (f (1) — f(r —0))S,

Applying to this the property (2,5) and from the relation (3, 7), we obtain the inclusion
(3.8),

Let us substitute the set (3, 6) into the right~hand side of the inclusion (2.3) which is
being proved, and denote the resulting set by I,. According to (2, 5), we then have the
following inclusion:

LDMGE—o)+J,(x— 0, 7)8) 27, (t — 0, )8,) + (f (vt — 0)—J3 {0, T — 0))S,

The latter yields, with the help of the relation (3, 8) and the notation (3, 9}, the required
inclusion I, D W (7).

The above assertion together with the formulas (1. 3) and (2, 2) implies that starting
from the initial position z, , the first player will be able to realize the hit of the vector
z on the terminal set (1, 2) at the time ¢ >> 0, provided that

1

ne'Cz e g (W () — y2 () dt + M (1) + (f (¢) — J2(0, ) Sg (3. 10)

0
The author of [6] introduced the concept of the first instant of absorption, We know [7]
that in a number of cases the game can be concluded by the time equal to the first in-
stant of absorption, We shall give the sufficient conditions under which the games be-
longing to the class in question can be concluded in the time coinciding with the first
instant of absorption,

When the condition (2, 1) holds and the first instant of absorption # = ¢ (z,) exists,
the following inclusion holds:

4t
2 e M) —p@d + @ +7,0,008) 2 1008 (31D
0

From the inclusions (3. 10) and (3. 11) we see that the sufficient conditions sought can
be found by requiring that the sets appearing in the right-hand sides of these inclusions
are equal, As the formula (3, 5) implies,to achieve this it is sufficient to require that
f(x) = J, (0, 1). The latter equality holds if, as we see from (3, 1), the following ine-
quality holds; < x

o (koa> o [Roda >0 (3.12)

0 1

Thus if the terminal set has the form (1. 2), the condition (2, 1) and the inequality (3.12)
both hold, then the game can be concluded by the time equal to the first instant of ab-
sorption,
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